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ABSmACT 

A  WKB  approxlmtlon  Is  used  to  calculate  cross  sections 
for  the  180°  scattering  of  scalar  and  vector  waves  by  a  class 
of  spherically  sysnetric,  rqpulslve  potentials.  These 
potentials  are  such  that  the  corresponding  Index  of  refraction 
has  a  unlqjoe  zero.  The  scalar  problem  is  discussed  In  the 
framework  of  qiuantum  mechanics,  and  the  result  Is  Just  the 
classical  cross  section.  Uectromagnetlc  backscatter  from 
a  dielectric  Is  found  to  be  three-quarters  of  the  scalar 
approximation  In  the  extrsms  geometrical-optics  limit. 
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I.  IMIROPUCTIOH 

Interest  in  radar  cross  sections  has  encouraged  Investigations  on  the 
backscatter  of  waves  from  inhomogeneous  media.  In  general,  this  is  a  dlffi* 
cult  problem  to  analyse.  Exact  solutions  are  rare,  and  the  Bom  approximation^ 

is  worthless  when  the  index  of  refraction  differs  significantly  from  unity. 

2 

The  Schlff  approximation  is  expected  to  have  a  wider  range  of  validity, 
buts  its  usefulness  hinges  on  the  evalxiatlon  of  a  difficult  volume  integral. 

In  this  paper,  we  consider  the  siagtlest  spherically  symmetric  systems  to 
which  a  "semi -classical''  approximation  is  applicable.  Specifically,  the 
index  of  refXaction  of  such  a  system  is  a  continuous  function  of  r,  and  it 
has  a  unique  zero  at  r^. 

The  scalar -^ve  problos  is  studied  l>y  investigating  the  equivalent 
problem  of  electron  backscatter  from  repulsive  potentials.  The  correspondence 
principle  is  derived  for  l80°  scattering;  that  is,  a  MKB  scattering  amplitude 
is  obtained  which  gives  the  correct  classical  cross  section.  The  classical 
result  is  shown  to  have  an  upper  limit  of  ^  r^^.  In  addition,  the  Inverse 
square-lav  potential  is  examined  in  some  detail,  for  the  phase  shifts  are 
known  exactly,  and  corrections  to  the  classical  result  can  be  derived. 

It  is  known*^'  that  the  problsm  of  electromagnetic  scattering  from  a 
spherically  syimsetrlc  dielectirlc  is  reducible  to  the  solution  of  two  scalar 
problems;  that  is,  two  radial  differential  equations  must  be  solved  for  two 
sets  of  phase  shifts.  For  our  purpose,  the  amplitude  for  vector  backscatter 
is  proportional  to  the  difference  of  the  corresponding  scalar  amplitudes. 

Vhlle  difficulties  arise  because  of  the  zero  in  the  index  ^'f  refraction. 
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these  scalar  aapUtudes  can  he  replaced  by  WKB  approxlaations  analogous  to  the 
one  Introduced  earlier.  This  approxljaation  Is  valid  In  the  extreme  geo- 
BMtrlcal  optics  Halt.  Here  expressions  slapUfy,  with  the  differential  cross 
section  for  elec troswgne tic  backscatter  reducing  to  three -qiuarters  of  the 
result  predicted  on  the  basis  of  the  scalar  vave  eqjuatlon. 


•  2  - 
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II.  THE  SCALAR  HtOBIfM 


The  time •Independent  scalar  wave  equation  is 

+  1^2  .  0, 

where  n(r)  is  the  (spherically  sysmetrlc)  index  of  refraction  of  the  medium^ 
and  2x/k  is  the  wavelength  of  the  incident  wave.  The  asynqptotic  scattering 
solution  of  Eq.  (2.1)  is 


(2.1) 


i  IQ* 

V  (r)  r— *db  e^  -  +  2-—  f (©)  , 

liLl  -  I' 

where  d  is  the  scattering  angle.  The  differential  cross  section  is  related 


to  the  angular  aoiplitude  f  hy 


(2.2) 


<5(o)  -  If  (o)l^  . 

We  want  to  evaluate  (T («)  hy  geoswtrical  optics.  To  be  sore  specific,  we 
rewrite  Iq.  (2.1)  in  the  form 


[72  -u(r)]  4'(^  -0  . 


(2.3) 


(2.U) 


This  is  the  Schr6dlnger  equation  provided  that 


v2  2a  , 


(2.5«) 


V(r)  . 


(2.5b) 
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Equations  (2. If)  and  (2.5)  represent  the  scattering  of  non-relativlstlc  particles 
of  mass  m  and  energy  E  by  a  potential  V(r).  Nov  the  problem  Is  to  demonstrate 
the  correspondence  principle  for  backscatterlng;  that  Is,  to  let’k— >o  In  such 
a  way  as  to  obtain  the  6  (it)  of  classical  mechanics. 


The  scattering  amplitude  Is  given  by  the  relation 

00 

f(0)  -  (21k) I  (2l  +  1)  [eKp(21(^*  )  -  l]  P  (cos  O)  . 

1=0  K  k 

The  are  the  phase  shifts  which  each  of  the  elementary  partial  waves  of 
angular  moamntum  jl  has  experienced  because  of  the  potential  V(r).  The 
are  Legendre  polynoalals .  The  HKB  or  semi -classical  approximation^  for 
scattering  Is  defined  by  the  foUovlng  steps: 

(1).  n.  ot  l,th.  »tB  Ih.«  ehlft 

Si  ■  ^Im  f  f  dr  [ k^  -  U(r)  -  -  kR  ♦  ( A  +  i)  «/2  , 

k^  -  u(rj^)  -  (£+ i)Vri^  -  0  . 


(2) .  The  replacement  of  the  bub  In  Eq.  (2.6)  by  an  Integral  over  A . 

(3) .  The  replacement  of  Pg^(cos  0)  by  a  smooth  function  of  ^  < 

The  approximation  In  step  (l)  Is  applicable  to  potentials  which  vary  slowly 
In  a  wavelength.  The  result  of  differentiating  Eq.  (2.7)  with  respect  to 
A.  Is 


2 

“dT 


(2.6) 


(2.7) 

(2.8) 


(2.9) 
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(2.10) 


0(L)  is  the  classical  scattering  axigle^  for  energy  E  and  angular  momeartum  L. 

7 

The  correspondence  principle  appears  to  have  been  denonstrated  only 
when  JL  sin  Oje'l.  We  are  interested  in  the  case  0.  sin  0— >o.  Using  the 
above  HKB  prescription,  ve  replace  Pj|^  by 


^(cos  Q)c:  ejqp(-iitjl)  (*  -  0)]  t 

a  result  vhich  is  exact  vhen  0  •  «  and  Jl  is  an  integer.  Oie  error  in  re¬ 
placing  the  mm  by  an  integral  can  be  deteralned  in  principle  iron  the  luler 
■tanntion  fomalji^ 

L  ' 

of  nhich  the  foUoving  fom  is  8x>st  usefult 


(2.11) 


(2.12) 


K~i(«o  ♦  «oo^ 


^  +  1  * 


(2.13) 


The  parentheses  on  the  g's  refer  to  the  nunber  of  derivatives.  As  N— ♦oo, 
the  rswainder  ^  approach  0.  Li  general,  however,  the  sum  over 

Bernoulli  maibers  will  yield  an  asymptotic  series. 

When  0  ■  «,  1%.  (2.6)  simplifies  to 

f(«)  -  (21k)"^  (2A  ♦  1)  [«w(2i^^)  -  l]  «qp(-lsil)  .  (2.l4) 

Since  f(s)  is  assunsd  to  be  well -defined,  Iq.  (2.l4)  can  be  written  as 
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where  we  have  used 

OD 

JL  (2(1  +  1)  ejq>  [-(<a  +  l*)Ji  j  =  0  ,  (2.16) 

The  latter  equation  follows  from  the  conpleteness  relation  for  Legendre  poly¬ 
nomials.  It  may  also  be  derived  from  Eq.  (2.13) >  for  K  »  2/«^  +  l/w  , 
whereas 

00 

ihm  j  dil  (2(1  +  1)  exp  [-(to  +  iic)i.]  *  -  2/*^  -  i/ic  .  (2.17) 

(0-*O 

The  limit  on  <0,  a  positive  quantity.  Is  carried  out  after  susnation.  Equation 
(2.15)  now  becomes 


f(a)  -  K  +  f^(*)  , 

f.(K)  =  (21k)"^  Jjlm  I  djt  (2X+  l)  exp[21<f  (j{)  -  (a>  +  U)i]  . 
<a-*o  -*0 


(2.18) 

(2.19) 


Clearly,  the  above  resiilt  will  be  most  useful  when  K  Is  a  small  correction; 
that  is,  when  the  replacement  of  am  by  Integral  Is  a  good  approximation.  In 
general,  the  idiase  of  the  sumssnd  In  Eq.  (2.19)  changes  rapidly  with  so 
that  f(«)  will  be  the  result  of  delicate  cancellations  between  positive  and 
negative  terms.  For  this  situation,  K  will  be  large.  However,  If  the  phase 
does  not  change  appreciably  over  a  large  range  of  X's,  the  algebraic  sign  of 
the  terms  stays  the  same,  and  we  get  a  large  contribution  to  the  sum.  Hence, 

K  Is  expected  to  be  small  when  the  phase  is  stationary  for  some 

2  dS  (Je.) 

— T-n -  -  s  -  0  .  (2.20) 
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Referring  to  S(is>  (2*9)  end  (2.10)  for  the  WKB  epproxinetlon  to  the  phase 
ehlftSi  we  see  that  En.  (2.20)  le  satiafled  vhen  ■  0.  The  inpllcation 
is  that  Ell.  (2.19)  can  describe  the  beckscatter  of  a  elesslcal  particle 
vlth  zero  angular  aomentum. 


The  above  suggests  that  ve  replace  ^(l)  In  Eq.  (2.19)  by  an  ex¬ 
pansion  of  ^'(9)  In  powers  of  4  .  The  class  of  systeau  for  which  this 
iMkes  sense  can  be  determined  by  examining  the  potential -dependent  term 
in  Eg.  (2.7), 


An  e^^ansion  about  il  >  0  togplles  that  the  centrifugal  potential  term  is 
a  correction  to  V.  Then  the  ‘tomixig  point  r^  Is  approximately  r^,  where 


E  -  V(r^)  . 

This  Immediately  rules  out  attractive  potentials  and  repulsive  potentials 
for  which  E  Is  always  greater  than  V.  The  simplest  rsnslnlng  situation 
Is  a  repulsive  potential  and  an  incident  energy  for  which  there  Is  a  single 
turning  point;  e.g.  a  monotonically  decreasing  potential.  Equation  (2.22) 
will  be  valid  for  this  case  if  only  small  iL's  are  Isportant,  and  if 
kr^»»  1.  Syeteas  with  multiple  turning  points  will  be  ignored  as  these 
involve  non-classical  barrier  penetration. 

Om  laylor  expansion  of  Bq.  (2.7)  In  powers  of  4  yields 

<5’  (J)  -  a*  i)  «/a  .  .A  -  |k(i.  if  *  0  ♦  i)"*]  , 


(2.21) 


(2.22) 


(2.23) 
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where 


a  -  Jil»  dr  [a*(E  -  V)]^  -  (aaE)^  R  j  , 


R-»oo  ^  -T 
-00 


t  -[  ar  - rr  * 

4  [2a(K  -  V)]^ 

If  Eq.  (2.23)  Is  substituted,  for  ^(j^)  In  Eq.  (2.19)>  and  If  a  change  of 
variables,  -  'h(  Is  made,  the  Integral  becomes 

fi(s)—  P~^  eq;>(21a^)  ilm  [  dx  x  exp  [-(m  -f  lb)x^  +  0(1i)]  , 

p  >  ii  k  * 


(2.24) 

(2.25) 


(2.26) 

(2.27) 


The  convergence  factor  has  been  audlfled  for  convenience,  m  the  limit 
ii— »o,  Eq.  (2*26)  slapUfles  to 


f°(*)  m  (2Splb)"^  exp(21aA) 

The  corresponding  cross  section  Is  obtained  from  Eqs.  (2.3)  and  (2.28): 


6°(*) 


We  must  now  show  that  Eq.  (2.29)  follows  from  the  classical  cross 
section,  namely^ 


For  a  repulsive  potential  and  a  single  turning  point  r^,  the  relation 
between  0  and  L  Is 


(2.26) 


(2.29) 


(2.30) 
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1C  -  0  ■  2L  r°  dr 


1/r^ 


\(L)  [2m(l  -  V)  - 
The  Integral  In  Eq.  (2.31)  ie  greater  than  sero.  Thus,  when  0  >  x,  L 
must  be  zero.  Expansion  about  L  ■  0  gives  the  relations 

L  (« - »)  , 

§  izn  ■  ' 

Where  b  Is  defined  by  1%.  (2.23).  Ey  substituting  the  last  two  eqioatlons 
In  H.  (2.30),  we  again  obtain  1%.  (2.29). 

Sqjuatlon  (2.26)  applies  to  the  combination  of  a  repulsive  potential 
and  a  single  turning  point.  A  validity  condition  relating  wavelength  and 
potential  strength  Is  most  easily  obtained  from  Eg.  (2.13),  the  difference 
between  sue  and  Ingetral.  Befurlng  to  Eg.  (2.1$),  we  find 

gj^  m  (21k)"^  (2i  ♦  1)  exp [21^1  -  (®  +  1x)JL]  , 

so  that  the  first-order  correction  In  (magnitude)  Is  of  ths  form 

■h  p"^  exp  (21a/ii) 

The  ratio  of  the  proceeding  factor  to  Eg.  (2.28)  gives  the  following 
restriction: 


r 


dr 


1/r^  r  ®  du 


r- 


It  Is  clear  trcm  a  graph  of  the  u-lntegrand  that  the  above  integral 
has  a  mi n1, mini  value  of  (kr^)~^  for  repulsive  potentials  which  vanish  at 


(2.31) 


(2.32) 

(2.33) 


(2.3*^) 


(2.35) 


(2.36) 
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Infinity.  Urns,  ve  are  again  led  to  the  ooncltulon  that  for  the 
validity  of  the  classical  result.  The  above  Integral  also  occurs  In  the 
classical  cross  sectlonj  Iq.  (2.29).  Ve  obtain,  therefore,  the  fbllovlng 
upper  Halt  to 


<S-e,(.)  -  (S»U)  =  -h 


4k‘ 


-2 


r  2 

o 

“T 


HbB  foxa  of  Eq.  (2.37)  suggests  division  by  Its  of  a  geooetrlcal  total 

cross  section,  scr^^. 

o 

The  Integral  In  Iq.  (2.29)  can  be  done  exactly  for  Inverse  power- 
lav  potentials,  U(r)  ■  >  n»0.  Thus,  by  the  substitution  r  ■  r^t  , 

ve  have 

vhere  B  Is  the  Beta  function.^  In  terns  of  Qaana  functions,  Bq.  (2.29) 


becoBMS 


6°(«)  -  ^ 


Lunr 


12  2 

For  the  Coulosib  potential,  ve  have  6^(a)  ■  jg-  ■  o^A  ,  ^ 

result  for  the  Inverse  square  lav  Is  6’gg^(a)  ■  **0  ■ 

backscatter  cross  section  for  the  Inverse  sqjuare  lav  can  be  approadaated 
by  the  classical  result  vhen  (ci^)^»»l.  Finally,  as  n— >od  In  Iq.  (2.39)^ 
(^^  approaches  the  upper  Unit  of  Kq.  (2.37). 


(2.37) 


(2.3B) 


(2.39) 
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III.  THl  IMVERaB  aauOBI-LAW  POTBBTIAL 

In  Section  IIj  ve  could  not  write  down  explicit  corrections  to  $’°(«) 

b«««,  in  tfe.  .rror  In  rqd«!lng  by  1.  not  kno«>. 

7  v  -2 

However,  the  phsse  shifts  are  known  exactly  for  the  potential  U  >  ^r  , 

and  they  are  eqv*l  to  the  HKB  phase  shifts: 


Si-  S[  -«/2  {(SL.i)  -  [(A.i)^  tV]*)  .  (3.1) 

In  addition,  the  Integration  in  Wq,,  (2.19)  be  carried  out  eaustly, 
even  if  Iq.  (2.11)  is  used  to  extend  (approxiaately)  the  reeult  to  angles 
.K».  t. 

'i<»)  ■  ab  ?*“  f  di  (21+  1)  exp  [2lS(ji)  -  (»  +  l*)l]  Jq[(1®  +fi)^  («  -  •)] 

(D — +0 

-  l/k  itn  j  dx  X  ei»  [-(a  +  lx)  [x^  +  ()(+ i)]^]  J^[x(*  -  9)]  ,  (3*3) 

<0*^0 

where  the  substitution  i?  ■  il(l+  1)  is  nads  in  the  last  step.  Iqpatioa 


(3<3)  Integrates  to' 
f 


10 


i(»)  ■  f  *  !(>♦  *)*[«'  -  (.  -  •)*]*}.  (3.1) 

By  aultlplylng  Iq.  (3*^)  by  its  oosvlex  conjugate  and  by  keeping  only  the 
tern  proportional  to  ^ ,  we  obtain  the  elassioal  cross  seotlon^  for  0—  «: 


The  ratio  is  independent  of  ii. 

When  0  >  ff,  we  use  Iqs.  (2.16)  and  (3.4)  to  write  the  following  exact 


(3.5) 


result: 
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f(«)  -  K  -  exp  [-lit(Y+  i)^]  [l  +  . 


(3.6) 


Eowerer^  m  ve  now  show,  the  Mynptotie  eaqpenelon  for  K,  Mq*  (2*13),  le 
relld  only  when  »  1.  To  obtain  K,  we  set 

-  (2k) (2(1  +  1)  eaqp  [-(«  +  1*)  [^  +  (I.+  i)^]^]  , 

and  note  that  ■  0,  heoause  of  the  eonrergenee  factor  a>.  Oien, 

1%.  (2.13)  yields 

np  [l*(y+  i)^]klC-|-  *  ^  (V+  i)’^  +  0  [(^T^  i)*^] 

The  first  three  tens  of  an  asymptotic  eapanslon  for  (a)  now  follow  tram 

■qn.  (2.3),  (3.6)  and  (3.8): 

irtMre 

^  "  7^  • 

Equation  (3.9)  can  he  Intezpreted  as  an  expansion  In  powers  of  4^.  A  graph 
of  6  (a)  wwsus  ^  will  approach  a  strain  line  for  large  ^  ,  with  o  as 
Its  projected  Intercept. 


(3.7) 


(3.8) 


(3.9) 

(3.10) 

(3.11) 
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IV.  Tg  VICTOB 


The  preceediog  formulation  can  be  applied,  in  a  suitable  limit,  to 
the  problem  of  electromagnetic  baekscatter  from  an  inhomogeneous  dielectric 
e(r).  With  the  assumption  of  sinusoidal  tims-d«pendsnee  of  the  fields, 
the  pertinent  NMCwell  eqjuations  are 

V  •  (c  1)  -  0  , 

V  •  H  ■  0  , 

Vx  B  -  IkH  , 

7x1-  -ika  . 

k 

It  has  been  ahoen  bj  Amuah  that  ^  is  derivable  from  two  scalar  imnetioiiB, 

2  »  (fi  #  r)  7*  (7  »  Wr)  , 

Where  f  and  satisfy  the  following  partial  differential  eqpations: 

+k^€(r)V  -0  , 

7^0  +[k^(r)  -W(r)]0  -0  , 

The  boundary  cooditions  on  and  0  must  be  such  that 


(4.1a) 

(4.1b) 

(4.1c) 

(4.1d) 

(4.8) 

(4.3) 

(4.4) 

(4.5) 


J.  X  «p(lka)  +  A(®,i)  ierp  (ikr)  .  (k.6) 

Bare,  x  is  the  initial  polariaation  and^is  the  rector  scattering 
amplitude.  The  absolute  sqMare  of  A  deteimlnes  the  differential  cross 
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The  radial  eqiuatloDe  aeeoelated  vlth  Bg.  (4.3)  and  (4.4)  are 


^  (rRji^)  +  [k2,(r)  -  ]  (rR^^)  -  O  , 

(4.7) 

^  (r^^)  +  [k^.Cr)  -  iKr)  -  ]  (rSj^)  -  0  , 

(4.8) 

with  boundary  conditions 

"l-'  \  r-.o  ®  ' 

(4.9) 

(4.10) 

r=r«  ‘  ^  • 

(4.11) 

Th.pb»..bi». 

The  eeatterlng  eapUtude  le  derlred  by  subetltuttiig  esvanslons  of 
the  form 


E  a  R  (®,  a)  ,  (4.12) 

t,m  ^ 

for  4^  and  0  In  B^.  (4.2),  and  then  by  uaing  B^s.  (4.1c)  and  (4.6).  In 
general,  ^  le  a  coaipllcated  function  of  angles,  but  It  sinpUfles  for  the 
forward  and  backward  directions: 


4lk  A(0)  A  (2  8.+  1)  [o*p(2lS|^)  -  1  +  e»p(21i]^)  - 

. 

(4.13) 

OD 

4lkjl(*)  -i  [«0?(2li|^)  -  «0P(21'\^)^ 

1  e 

(4.14) 

The  latter  equation  may  clearly  be  written  In  the  foia 

2A(*)  -  f^  (a)  -  y«)  -  (21k)’^  [a*p(2li^,)  -  e»p(2lY)^) 

e 

(4.15) 
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Here,  ^  are  beck -scatter  aqplltudes  for  the  scalar  problems  represented 
by  Eq.  (4.3)  and  (4.4),  with  boundary  conditions  of  the  type  Eq.  (2.2).  We 
derive  an  approximate  eiqpression  for  A(x)  by  replacing  f ^  0  by  their  relevant 
WKB  scattering  amplitudes. 

Equation  (4.3)  can  be  rewritten  in  Sehrffdlnger  form: 


+  [k^  -  U(r)]  ‘P  -  0  , 


where 

e(r)  -  1  -  U(r)/k^  . 

The  restrictions  on  U(r)  are  the  same  as  those  applied  to  the  potentials  of 
Section  Ilj  namly,  that  U  is  positive-definite  and  slowly  varying  in  a 

9 

wavelength,  and  that  U  >  k  is  satisfied  uxilqpely  at  r  ■  r^.  With  this 
choice,  c(r^)  ■  0,  and  c(r)  *  1;  e.g.,  a  plAsma.  The  WKB  phase  shifts  for 
are  then  given  by  Eq.  (2.7)>  and  the  scattering  amplitude  by  Iq.  (2.28). 
Ih  terms  of  k  and  c,  we  have 


i?(«)  - 


f»  felwt  *»**>*-  “11 


Equation  (4.17)  requires  for  its  validity  that  1. 

The  derivation  of  the  analogous  expression  fbr  f0  is  more  subtle, 

2  2 

for  it  is  not  true  that  one  swrely  rmplaces  k  s  in  Eq.  (4.17)  By  k  c  -  W. 
instead,  we  will  show  that 


(2.4) 

(4.16) 

(4.17) 
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exp 


21 


dr(k^e  -  j  W)^ 


k2,(p^)  -|w  (p^)  -0  . 


t 


(U.19) 

e 


An  luidBretandlng  of  this  ■odlfleetlon  le  arrived  at  by  evMrl,n1ng  the 
nature  of  V(r)*  In  particular,  this  "effective  potential"  le  singular  at 
r  -  r^f  for  c  Is  aero  there.  An  expansion  of  Iq..  (^.5)  about  r^  gives 

which  inpUes  that  V  drpps.  In  Magnitude,  fron  Infinity  to  order  k^  In  the 
distance  of  a  wavelength.  It  la  convenieBt  to  partially  rewrite  V  In  terns 
of  U  by  use  of  Bq.  (^.16) : 

W(r)  -  J  (€k^)“*[w'(r)]®  +  U"(r)  .  (Jf.2l) 

The  prlaes  denote  derivatives  of  U.  Ihe  function  U(r)  will  change  appreciably 
froM  Its  value  at  r^  In  sons  pharactMlstle  distance  lt(»£).  At  this  relative 
distance,  s  Is  of  order  unity,  and  as  an  order  of  t<*****  esttnate  of  Iq. 

(If. 21)  reveals,  U.  One,  Iq.  (k,Q)  represents  scattering  by  a  long- 

range  potential  U  end  a  shortHrenge  potential  W,  the  latter  rising  very 
steeply  near  r^,  where  it  presents  an  Inpenetratable  sphere.  Bie  fozn  of  W 
for  r<r^  is  Initsrlsl  since  the  incident  wave  cannot  penetrate  this  region. 

She  above  reaaxks  are  aost  easily  Illustrated  in  the  case  U  ■  where 
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W(r)  - 


3x>2 


(U.22) 


The  UKB  formltim  e«a&ot  be  expected  to  hold  in  the  region  vhere  W 
Is  varying  rapidly.  The  turning  point  oust  be  enough  uavelengtha  fron 
r^  auch  that  V  appeara  as  a  alowly  varying  perturbation  to  the  <«««■<  wg 
aoalar  wave.  To  ahow  that  thla  la  poaalble>  we  evaluate  the  fractional 
change  of  V  In  a  wavelength  for  the  exaaple  of  Bg.  (U.22)j  that  la. 


|w(p,)|  VoA 

■  mim  i  inr  mm 


To  datendM  for  thla  exaaple,  we  write  Ig.  (4.19)  in  the  fora 
(P."  - 'oV  -  >*-*  . 

A  flrat  approxlaatlon  la  obtained  by  raplaoing  p  on  the  right-hand  aide 
of  Bg.  (4.24)  by  r^: 

Po*  ""o  ^  ]  • 

Thla  atep  la  clearly  stifled  for  ^  very  large.  Die  difference  between 

k(p„  •  O  .  (  , 


p.  and  r  la 
o  o 


ao  Ig.  (4.23) 


oC  (to  )-^3  . 


TSC7 

Dma,  the  left*hand  alda  of  Ig.  (4.27)>  can  be  nada  anall.  Dm  fbctor  to 
the  rl^t  of  the  proporUonaU^  algn  will  appear  again  In  Section  V  aa 


(^.23) 


(»^.^4) 


(4.25) 


(4.26) 


(^».27) 
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u  expansion  persaeter  In  tbe  pesrturlNitlon  tjreataent  of  Eq.  (4.lS) . 


In  order  to  derive  the  VKB  phase  shifts,  ve  observe  that  tbe 
singularity  at  r  ■  0  la  responsible  for  the  factor  In  Iq. 

as  opposed  to  the  fSalUar  1).  This  eas  first  proved  by  Langer^, 

who  Introduced  the  following  approicimtlon  to  the  wave  function: 


^^(r)  -  dr*  Q^(r*)  , 
Q^(pj^)  -  0  . 


The  J's  are  Bessel  functions.  Equation  (U.bB)  satisfies  tbe  differential 
equation 

dV 

dr*" 


qj^(r)]  «>|^  .  0 


J 


2 


0^), 


This  approxlnatlon  Is  valid  when  the  HKB  approxlaatlon  Is  valid  (  qj^ 
and,  because  ^Pj^)  finite.  It  nay  be  used  throuf^Mut  en  Interval  con¬ 


taining  the  turning  point. 


Ve  tentatively  take  the  foUowlitg  fona  for  Q 


I  • 


«,*  -  A(r)  -  <«(r)  -  , 


where  c  Is  a  constant,  for  discussion  pulses,  Eq.  (^.8)  can  be  thouc^t 
of  as  representing  electron  scattering  by  potentials  U  and  w.  Then,  the 


(U.28) 

(1^.29) 

(^.30) 


(U.31) 

(J».32) 


(»».33) 
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«ir.  »>ib«r  1.  i.  proportto«l  to  h'S  w  t.  of  fc,  1. 

Independent  of  h  to  first  order.  Tbus,  In  the  limit  4 — >  o^  the  first 
term  on  the  rlc^t-hand  side  of  Eq.  (4.33)  vlU  be  dominant  exoqpt  near 
r^,  vhere  It  goes  to  aero  while  W  becomes  Infinite.  Equation  (4.33) 
clearly  takes  the  following  form  near  r  ■  r^: 

o 

vhere  c^,  c^  are  constants  which  dsipend  on  c.  By  substituting  Iq.  (4.34) 
Into  Iq.  (4.32)j  and  by  noting  that 


5:?^  1  log  (r  -  r^)  , 


we  find 


7=A  -  *<»  ■  'o>'‘  »o>’^  • 

0  1 

Thus,  the  differential  equation  for  has  the  following  font 

“(®1  ’  i)  ®2  (®i  *  i) 


<“1 


(r  -  r^j)^  ®1  (r  -  r^^) 


Also,  Iq.  (4.8)  takes  the  form 


4^(r  S, ) 

- TT^  + 


dr‘ 


'o- 


(r  -  r^)^  4(r  -  r^) 

a -ir(r^)  [u'(ro)]’^  • 

A  comparison  of  Iqe.  (4.37)  and  (4.38)  yields  the  results. 


j  (r  )  -  0  , 


[ 


Cl  -1 

Cg  -  1/3  o 


(4.34) 

(4.35) 

(4.36) 

(4.37) 

(4.38) 

(4.39) 

(4.40) 
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niese  vmluti  are  eontiitcnt  vlth  th*  choice  c  ■  4/3  i&  Ift*  (^*33)*  nnu, 
Iq.  (4.29)  hccoMB 

lj(r)  .  *•  [A  -  !»  -  ((l.i)Vr*®]*  • 

If  the  esyaiptotle  foxae  of  the  Beesel  fhxictioBs  for  Jj^  large  and  real  are 
•ubstltuted  Into  Iq.  (4.26),  the  aejf^ptotle  fora  of  (Dj^^  Is  obtained: 


irh.  [  j’j^(R)  -  kR  +  ( 1+  i)  a/2  ] 


(4.42) 

(4.43) 


R — *00 

As  a  check,  «e  note  that  the  reqjslred  solution  to  Iq.  (4.36)  approaches 


sero  at  r^  as 
0 


**  Si  Z  ?  (^  • 

JL  v-~*r  '  o' 


3/2 


(4.44) 


Tor  r  «p  and  |^.  I  large,  Iq.  (4.26)  takes  the  font" 

Froa  lqii.  (4.39)  and  (4.40),  ve  haTS 


(‘^.45) 


•»P(  ■  I  "  'o^  • 

The  factor  contributes  (r  •  aad  a^approaches  r^  froa  the 

rl^t  as  (r  -  la  sgrssswnt  with  Iq.  (4.44). 

Dm  JL-d«pendenee  of  the  Is  the  sane  as  In  Iq.  (2.7).  Baaee, 
the  approxlBate  scatterl|ig  aapHtude  obtained  bj  substituting  Iq.  (4.43) 
Into  Iq.  (2.19),  Bust  bars  the  saaa  foxa  as  (4.17),  but  vlth  k^c  replaced  by 


•  20  - 


6110-7657-1(0-000 


2  U 

k  c  -  This  is  Just  1%.  (i^.lB).  From  tbs  standpoint  of  qiuantua 

ascbanles,  k  is  proportional  to  and  W  Is  Indiq^dant  of  4.  Urns, 

li 

It  night  bs  argued  that  the  term  j  V  must  be  dropped  for  consistency. 
This  argunent  Is  erroneous,  again  because  W  Is  singular  at  r^.  m 
Section  V,  it  Is  shown  that  the  aaplltudes  and  hare  eqjual 
nagnltudes,  but  differing  phases  In  the  Halt  h— ^0. 

Finally,  we  Investigate  the  error  In  replacing  the  sun  over  il,  by 
an  integral.  Qie  difference  between  the  exact  aaplltudes  Is  given  by 
Iq.  ((^.15)i  *0  the  first-order  correction  as  deterstned  by  Iq.  (2.12)  and 
(2.13)  la 

(hlk)"^  [exp(21^)  -  e9»(2ir|^)  ]  . 

But  Iq.  ((^.(^7)  has  the  sane  foam  as  the  second  tern  In  Iq.  (4.1$).  In 
seal -classical  terns,  Iq.  (4.47)  1*  of  order  4  and  aust  be  drepped. 
Therefore,  the  gKB  epproxlnatlon  for  A(«)  takes  the  fom 


(4.47) 
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V. 


APnaxoMU  ivAmAii<ar  of  dbicbals 


The  Integrations  In  B^.  can  be  carried  out  approKLsately 

In  the  extraee  geaaBtneal-qptlcs  Unit.  We  first  consider  the  phase 
factor 


where 


2  ilm  [  j  ar(k^e  -  )^  -  kR  1 

R— >00  ^ 

r 

«  2  Sin  [  I  dr(k^c)^  •  kR  ]  -i-  2  I  , 

R— *00  -t  ^ 

0 

-  -  dr(k2«)i  +  dr(k2,)i  [(1  -  k/3  -  l]  . 


k-c 

o  o 

The  first  tern  In  Iq.  ($.2)  Is  coason  to  both  and  and,  hence, 
can  be  Ignored  idien  derlwlng  cross  sections.  If  the  second  term  of 

(^>3)  is  Integrated  by  parts,  the  boundairy  tern  Is  zero  at  the  upper 
Unit  and  Is  the  negative  of  the  first  tern  at  the  lower  Unit,  by  Bq.  (4.19). 
Therefore,  we  are  left  with 


fr 

^  2F  dr'(k^e)^ 

_  o 

It  will  be  shown  that  the  naln  contributions  to  I  c( 


from  values 


of  r  near  p^.  To  enphaslse  this  feature,  we  change  variables  to 
y2  .  4/3  W(k^)"^  -  (k^c^)'^  (U*)^  A^Cr)  , 


(5.1) 

(5.2) 

(5.3) 


(5.4) 


(5.5) 


A(r)  -  [l  +  2/3  k^tCu")  (U*)’^]^  , 


(5.6) 
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vbere  the  lecond  eqjaallty  of  Ea*  (5>5)  foUoirt  tram  Iql.  (4.21).  Tbm 
dsrl'mtlye  of  y  Is 

-  -  I  (k5«5/2)-l  (u.)2  3(3p)  ^  (5 

dr 

B(r)  -1  +  2/3  (A)  [(U*)^  A(r)]'^  ^  [u*  A(r)]  .  (5.8) 

The  Minus  sign  in  Eq.  (5.7)  arises  fron  the  convention  that  y  be  positive 
for  Monotonloally  decreasing  U(r).  Frosi  the  definition  of  y^,  ve  see  that 
r  -  r^t  Qq*  correspond  to  y  -  co,  1,  0,  respectively,  in  terns  of  y. 


Eq.  (5.4)  can  be  written  as 

I  -  -2/3  1  ay  y(i  -  y^)**  J°4y'(y')‘*  f(y)  , 

^0  y 

(5.9) 

vlwre 

r  1 

(5.10) 

The  Inverse  trensfomatlon,  r  as  a  function  of  y,  Is  obtained.  In 
part,  by  a  TSylor  expansion  of  Eq.  (?.?)  about  r  •  r^: 


T*  -  (r  -  r„)-3  [l  -  Jo<r  -  r„)  .  ....  ]  ,  (5.U) 

vliere  a  Is  given  by  Iq*  (4.39)*  As  a  first  approadMatlon,  ve  set  r  -  r^ 

InslAs  the  brackets: 

r  -  r^c:  [-  U»(r^)  .  (5.12) 

An  laproved  result  can  now  be  obtained  by  successive  approxlMations,  the 
first  of  which  leads  to 

y^A  [.  U*(r^))"^  (r  -  r^)"3  (  1  +  J  y"2/3)  ,  (5.I3) 
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where 

^2,  r(r^)[u»(r^)]‘^/3 

Thus,  If  Eqi*  (?>12)  Is  a  good  approxloatlon  to  the  Inverse 

transfoxmtlon. 

The  qmantlty  ^  Is  our  perturbation  pareaeter.  Vhen  the 

Integral  of  1%.  (5*9)  can  be  evaluated  api^ylnately.  The  aagnltude  of  ?\  Is 
easily  estlnated  In  the  case  of  Inverse  power  laws,  for  U'(r^)  Is  of  order 
U(r^)/r^  "  while  U*(z‘^)  has  aagnltude  Thus,  ?N  has  aagnltude 

(kr^)"^^^.  Ih  general,  the  condition  Is  where  R  Is  the  range 

over  whieh  U  chains  apporeblably.  We  have  seen  In  Section  IV  that  this 
restriction  Insures  the  slow  variation  of  the  effective  potential  W  near  the 
turning  point.  Bmee,  the  else  of  detezalnes  the  applicability  of  the 
tflCB  foranlatlon. 

Since  Is  saall,  Iq,.  ($.12)  holds  very  well  for  ysr  ^  .  This 
value  of  y  corresponds  to  the  foUoWlag  value  of  r; 

[-?N®  . 

o 

An  estlaate  of  the  aagnltude  of  the  right^amd  side  of  Eq.  (^.13)  yields 
(kr^)“^^^  1.  Thus,  whan  r-sr^^,  a  function  of  r  can  be  expanded 

about  r^  and  then  converted,  in  first  order,  to  a  function  of  y  by 
Iq.  (5*12) .  ipplioatlon  of  this  procedure  to  Iq.  ($.10)  yields 

1  +  ^ oKr  -  r^)=i  1  -  ^  y’^/^  y* 7n  . 


(5.11^) 


(5.15) 


(5.16) 
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We  now  rewrite  E(i.  (5.9)  m  the  sum  of  two  Integrele,  the  flrat  of 


whloh  is 


-1  -00 

I1--2/3  I  dyyd-y^)"*  [  ay(y')‘^  f(y)  . 

''a  -'y 

Since  y'»  >  we  can  uee  the  relation  of  (5.15): 

^  I  ay'(y)‘®  [i  -  ^  , 

-  -  */3  +  2/3  A  +  0(  ?\2)  . 

The  eecond  Integral, 

Ig  -  .  2/3  4y  y(i  -  y*)"^  C  «y  (y)"®  f(y.)  , 

can  be  carried  out  by  Ignoring  the  variation  of  (X  -  y^)*^  with  y. 
Introducea  an  error  In  the  final  reault  of  0(  ^3).  The  Integral 


oaa  be  Integrated  by  parta : 


ig  -  -  1/3  y*  jf  (y*)"*  f(y') 
- 1/3  r  ay  f(y)  . 

^0^ 


y  •h 
y  ■  0 


The  bounanxy  ten  la  -  1/3  A  at  the  vmKc  Uidt,  by  lii.  (5.I6),  and  It 
la  lero  at  the  lower  Unit  provided  w(r)  goea  to  aero  at  infinity  faater 
than  r’^.  The  ranainlng  Integral  la  trivial  when  tranafomed  back  to  the 
r  -  variable,  ao 

l2--V3A-l/3|  dr  (3/2)  (kV^®)"^  (U*)®  A*(r) 

"^1 

-  -  I/3A  -  1/3  [-  U*(r3^)]  [  kV/®(rj^)  ]  . 


(5.17) 


(5.18) 


(5.19) 


(5.20) 


(5.21) 


(5.22) 


(5.23) 
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If  the  second  ten  of  Sq.  (5.23)  le  upended  about  ve  obtain,  with  tbe 
help  of  Eq.  (5.15)> 

Ig  -  -  2/3  A  +  . 

Tbe  SUB  of  Iqs.  (5*19)  and  (5.24)  yields 

I  -  -*/3  +  0(}?)  . 

The  renal ning  Integral  In  Iq.  (U.lS)  can  be  evaluated  In  a  siallar  way, 
the  derivation  being  left  to  an  appendix.  !nie  result  Is 


Thus,  Iq.  (4.lB)  becoms 


(21k)  J  f^°(*)  -  eawdA)  / 

with  A  and  J  given  by  Iqs.  (5«2)#  (5*25)  <uid  (A.12).  If  Iqs.  (4.17)  and 
(5.26)  are  substituted  Into  Iq.  (4.48),  the  following  approxlaatlon  Is 
obtained  In  the  Halt  of  very  snail  A  i 


The  cross  section  Is  the  square  of  Iq.  (5.27): 

^°(<)  ■  ^  (Tvj/  (*) 

The  quantity  Is  the  abeolute  square  of  Iq.  (4.17);  that  Is,  It  Is  the 
cross  section  associated  with  a  scalar  vave  equation  of  the  fom  Iq.  (4. 3^ 
with  boundary  conditions  given  by  Iq.  (2.2). 


(5.24) 

(5.25) 

(A.12) 

(5.26) 

(5.27) 

(5.28) 
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VI.  AOaiOWLIDQlMBMTS 

Tb«  autbor  vlsha*  to  thaak  Dr.  John  R.  Nodvlk  for  anmy  halpfUl 
discussions . 


V 
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ACTPDIX 


Ih«  Intagral, 


00 

I J  dr 


1/r" 

(A  -  I  w  )* 


can  be  written  as 
J 


[(1  .  V3  4-)-i  -  l] 

•i  (k^)*  ■{■  (S?  -L  (k^)*  ^  k^  ^ 

0  O  *^0 

We  designate  the  three  Integrals  as  V  *^2^  ^3'  respectively.  Ihe  second 
Integral  In  Iq.  (A.2)  can  be  evaluated,  to  first  order,  by  expanding  r 


about  r^: 
o 


‘  ["  j^^ir(r  -  r^)“^ 

2(ro)’^  [-U'Cr^)]”^  (p^  -  r^)^  . 


By  resMsberlng  that  r  ■  corresponds  to  y  •  1,  we  can  use  Bq.  (5*12)  to 
simplify  Iq.  (A.4), 

*^2  "  2^'o^ [”* ^""o^l ^  ' 

To  evaluate  J^,  we  split  up  the  range  of  Integration  Into  two  parts, 
p^-r-i^  and  r^2r!£oo  ,  with  r^  defined  by  Iq.  (5*1?) •  An  order  of 
magnitude  estimate  for  the  latter  range  gives 


(A.1) 

.  (A.2) 

(A.  3) 
(A.4) 

(A.5) 

(A.6) 

(A.7) 
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vh«r« 

g(y)  ■  r‘®  A^/^(r)  B“^(r) 

Iqjuattons  (?.6)  and  (5>8)  daflM  A  and  B  raqpaotlvaly.  Slnea  y  —  ?\  i  ve 

can  expand  the  right-band  side  of  tq,.  (A.8)  about  r  ■  r  .  and  then  use 

o 

1%.  (S*12).  To  first  order,  g(y)  is  Just  the  constant  g  of  Iq.  (A.$). 
Further,  in  first  approxlaatlon,  the  lover  Unit  in  Iq.  (A.7)  can  nov 
be  set  equal  to  aero,  vith  the  result 


(1) 


2/3  g  j  dy  y’^/3  [(1  -  y^)*^  -  l]  . 


The  order  of  eagaltude  of  g  can  be  estiaated  froa  Bq.  (A.5),  in  the 
r  of  Section  IV: 

g -o[(kp^)"^/3]  -  0'(^S  . 

In  Section  n,  a  Brinliai  vaa  established  for  that  is, 

Ji  -O(A^)  • 

We  assuBs  that  the  actual  -value  of  has  the  saae  order  of  aagnitude  as  its 
BinlnuB.  Then,  Iq.  (A.6)  can  be  neglected  relaUTe  to  Iv.  (A.5)  and  (A.9), 
and  Bq.  (A.2)  bsoasss 


(A.8) 


(A.9) 


(A.IO) 


(A.11) 


(A.12) 
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